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IB Mathematics: Analysis & Approaches HL
One-page formula sheet (SL + HL) - % = not in the booklet

* notin the IB formula booklet — learn it. Everything else is printed in the booklet (its notation may differ slightly).

Prior learning

Areas: parallelogram bh, tnangle 1bh
trapezoid 1 (a + b)h, circle 7r?

Circumference; cylinder: C = 2rr;
V = wr?h, curved A = 2zrh

Cuboid; prism: V = lwh; V = Ah
Distance; midpoint:

d=+/(z1—22)% + (1 — ¥2)%,
(z1+@2 Y1ty
2 1 2
* Indices: g™a™ = g™,
(am)n — amn’a—n — an a% = Bgm

1Number & algebra

Arithmetic: u, = u; + (n — 1)d,
Sp = 2 (2u1 + (n—1)d)

= B (ur +uy)
Geometric: u, = u1r™ L,
S =0 50— 1 (1l < 1)

Compound interest:
FV=PV(1+ &)
Exponents & logs:

kn

a®=b <= z=log,b,a® = e7lna,
log, a® = z = a'8a?

Log laws: log, zy = log, = + log, ¥,
log, 4 =log, z — log, y,

log, ™ = mlog,

Change of base: log, a = llgiz:

Binomial, n € N:
(a+0)" =37 (7)a™"v",
() = s

Permutations: P, = &

(n—r)!

Binomial, n € Q, |z| < 1:
Al+z)"=1+nz+ "(" LU %

* (a+bz)* = a"(l + :z:) , valid for
lz| <%

* Partial fractions:
+3%

Complex numbers:
z=a+bi =r(cosf+isinh)
=re? = rcisf

prtq A
(z—a)(z—b) ~— z—a

* Modulus, argument, conjugate:

r=|z =va?+?, tang=2

2 =a—bi,zz* =|2|?

* Products: |z122| = |z1]||22|,
arg(212;) = argz; + arg zp,

arg ;L = argz —argz

De Moivre: [r(cos + isin6)|”

= r*(cosnf + isinng) = rie™’

* nth roots of re®; pl/meilb+2mk)/n
k=0,1,...,n—1

* For |z| = 1: 2™ 4+ 27" = 2 cos n#,

2" — z7" = 2isinnd

* Roots of unity sum to O; non-real
roots of real polynomials come in
conjugate pairs

* Induction: prove P(1); assume P(k);
prove P(k + 1); conclude for alln € Z+
* Contradiction: assume the negation,
reach a contradiction. Counterexample
disproves

Lines: m = 27U o — mzg 4 ¢,

z2—21
az+by+d=0,y— 1y =m(z—x1)
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* Perpendicular: mimg = —1

_ 2_
Quadratics: z = _%’ o= biw,
A =0 —4ac

* A > 0: two real roots; A = 0:
repeated root; A < 0: complex
conjugate roots

Sum, product of roots of Y7 a,z":

(=1)"ag
an 5 an

* Factor & remainder theorems:

_Gp-1

p(a) =0 <= (z — a) is a factor;

remainder of p(z) + (z — a) is p(a)

* 0dd; even: f(—z) = —f(z);
f=z) = f(=)

* Composite; inverse:

(Fo9)(=) = flg(=)); F(F () ==

* Transformations: f(z) +bup b;

f(z — a) right q; pf(x) vertical xp;
f(ge) horizontal x 2 —f(z), f(—z)
reflect in z-, y-axis

* Graphs: |f(z)| reflects negative parts
up; f(|z|) mirrors z > 0; ﬁ has
asymptotes at zeros of f

*y= “’+db asymptotes: ¢ = — 2

c?
y=z

3 Geometry & trigonometry

3D distance (Az = z1 — zg, ...):

=/ Az? + Ay? + AZ?

(w1+w2 ntye Z1+12)
I At R

3D midpoint:

Pyramid; cone; sphere: V = 1Ah

V=1mlh, A=nrl;V = 37rr3,

A= 41rr

Sine, cosme rules area: —A =

— — 2

= smlc,,c =a’+b

A= 5absinC

Arc; sector (radians): | = r§, A = 2120
Hiae _ sing 2 ;2

Identities: tan§ = 225, cos“ 0 + sin“ 6§

=1

Reciprocal ratlos secld = ——

cosﬂ’
cosecd = si.n0 ,cot0 = mo

Pythagorean: 1 + tan? 6 = sec2 6,

1+ cot? 0 = cosec?d

Compound angles:

sin(A + B) =sin Acos B

=+ cos Asin B,

cos(A £ B) = cos Acos B ¥ sin Asin B

Compound tan:
__ _tanAitanB
tan(A + B) — l1¥tanAtanB

Double angle: sin 26 = 2sin# cos g,

cos20 =2cos?0 —1 =1 —2sin?6,
__ _2tand

tan26 = Totar?s

* Exact values 0, 5, %, 5, 3:

sin:O,%

b
sin B

— 2abcosC,

%, R ,1; cos: reverse;
tan: 0, f,l \/§ undef.
* Ranges: arcsinz € —7, 5 s
arccos z € [0, 7], arctanz € (— %, F)
* asin(b(z —c)) +d, b> 0:
amplitude |a, period 2%
Vector magnitude:
lv] = \/vf +v§ +v§
Scalar product: v - w
= viw; + vows + vzws = |v||w|cosf

—
* Perpendicular; unit vector; AB: v - w

Line:r=a + A\b; x = =g + Al,
Z-%9 _ ¥¥% _ =%
I — m T n
Vector product: v X w
V2wW3 — VW2
= | vsw; —viws |, |v X w|
V1W2 — VW7
= |v||w|sin@
Area of parallelogram: A =
* Area of triangle: 1 |v x w|
Plane:r=a + Ab +puc,r-n
=a-n,ax+bytcz=d
* Angle line-plane; plane-plane:

1om| | Inqng|
sinf = 12
IbHﬂI i [y [zl

* Normal to plane through @ with
directionsb,e:n=bx ¢

* Line of intersection of two planes:
direction nn; X ny

4 Statistics & probability

IQR; mean: IQR = Q3 — Q1,

|v x w|

cosf =

7 = 2fiTi
- n
* Outliers: < @1 — 1.5 IQR or
> Qs+ 1.5IQR
* Variance: 02 = m
Efz —u?
Probability: P(A) = %,
P(A) + P(4") =1
Combined events:

P(AUB) =P(A)+ P(B)— P(AN B)
Independent: P(AN B) = P(A)P(B)
- P(ANB
Conditional: P(A | B) = ;,(B))

Bayes:
P(B| A) = P(B)P(A|B)

P(B)P(A|B)+P(B")P(A|B")
Bayes, partition By, By, B3:

_Hairiin)
P(Bi| A) = < ppaisy

Discrete X: E(X) =Y zP(X =),
Var(X) = B(X?) - [E(X)]”

* Binomial pmf:
PX=r)=()pr-p""

Binomial mean, variance: np, np(1 — p)

Standardised normal: z = =&

Continuous X: B(X) = [z f(z) dx,
Var(X) = [z f(z) dz — p®

* pdf; medianm: [ f( :c)d:c— 1;

7 f(z)dz = §; mode: ma.xoff
Linear transformation:

E(aX +b) = aE(X) +b,

Var(aX + b) = a?Var(X)

* Regression: y on x to predict y, £ on
yfor g; interpolate only

First principles:

f'(z) = limp 0

Basic derivatives: (")’ = ng™!,
(sinz)’ = cosz, (cosz)’ = —sin,
(") = %, (na) = 1

Trig derivatives: (tanz)’ = sec
(secz)’ = secztanz,

(cosecz)’ = — cosec z cot ,
(cotz)' = — cosec?

fla+h)—f(=)
h

227

More derlvatlves: (e®) = a®Ina,
(log, )’ = 755

Inverse trig: (arcsinz)’ =
1

Vi-z2? ’
1
1+a2

Chain, product, quotient: Z—g ==
A
(uwv)' = wv' + v/, (%) = mo

n—1 dy
dz?

(arccosz)’ = —

(arctanz)’ =

* Implicit: i(y") = ny
£(ey) =22 +y
v _ dV , dr

* Related rates: ‘- = G- - &

* Tangent; normal:

y—f(a) = f'(a)(z — a);ma = —
* Max / min; inflexion:
f’—0andf"<0/f”>0;

f" = 0 with sign change

* L'Hépital, for 2 or 2:

lim % = lim

_1
')

— (=)
9(=) g'(2)
Standard integrals:

n Zntl
fz ; RN +c?
T =In|z|+
fsmmdm——cos:c-i-C
fcosa:da:—sm:l:—l—C

Jefdz=e*+C
More integrals: [ a® dz =

de _ 1 z dz
J 2.7 = garctan £ +C, f i

=arcsin 2 +C
* Learn: [sec?zdz =tanz + C,

[E8 de =m|f(z)| +C,
ff(a:c+b)d:c— LF(az+b)+C

2

* sin® z, cos? z: sin’ = 1 (1 — cos 2z),
cos?z = % (1 + cos 2z)

By parts: fuL dr =uv — v de

* Substitution:

[ f(g(=))g'(z) dz = [ f(u) du;

change the limits too

Areas: [ |y| dz, [ |2|dy

Volumes of revolution: V = [* my? de,
V= f w2 dy
Kinematics: v =
distance [ |v|dt
Euler's method:
Ynt1 =Yn + h'f(“f'm yn)7

Tyl =Tn+h

* Separable: % = f(z)g(y) = f%
= [ f(z) d=

* Homogeneous
E=viod

ds
@ @

= f(3):y=rz,

Integrating factor for

¥ + P(2)y = Qz): e/ PO %

* Then: ye/ Pde =erde”d:c
Maclaurin:

f(=) = £(0) +=5'(0) + 2 £"(0) +-
Series: e* = 1+:1;+ 3 +
In(l4+z)=z— % + % ”
sin, cos: sina:2= T —43—? )
cosz=1—2- + G —---

3
arctan: arctanz =z — 5 + & —---
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